Hwa's method of reducing the relativistic spin wave equation he proposed is generalized. It is found that the representations of the homogeneous Lorentz group for which the generators of this group together with a vector. operator constitute a closed algebra are the Dirac, the Duffin-Kemmer and the Majorana representations only. An infinite-dimensional wave equation is constructed which gives a linearly rising Regge trajectory. By reducing this equation, we arrive almost uniquely at the direct product of the Majorana and the Dirac representations. § 1. Introduction
One of the merits of infinite-dimensional wave equations 1 ) lies m the fact that it gives various types of mass-spin relations. Since it seems to happen that baryons and mesons lie on linearly rising Regge trajectories, it is desirable to find out the wave equations which give this kind of mass spectrums.
)' 3 )
Recently, H wa proposed a wave equation which determines the intrinsic spm of a particle instead of its mass as in the usual case. 4 l These equations split into two types. One determines the spin of the particle only, and should be used along with the mass equation. The other specifies the relation between the mass and the spin of the particle and gives a spin multiplet. In the case of infinite-dimensional representations of the Lorentz group, equations of the second type give Regge trajectories.
H wa proposed a method to reduce the order of his equation, 5 ) but the representations he got were too restrictive. By slightly generalizing his method, we will show that the reduction is possible for a wider class of representations. Adapting this method in the case of a linear trajectory, we shall :find that the direct product of the Majorana 6 l and the Dirac representations is useful.
The possibility is also investigated that the generators of the homogeneous Lorentz group together with a vector operator which appears in the reduced wave equation constitute a closed alge bla of 0 (3, 2) or 0 ( 4, 1) de Sitter group. This is the problem offered by Bhabha,7l and he showed that it is possible only for the Dirac and the Duffin-Kemmer representations in the case of :unite-dimensional representations. In the case of infinite-dimensional representations, we shall show that it is possible for the Majorana representations only.
In § 2, we review H \va's theory of relativistic spin wave equation, and offer its reduction method. As an example, Majorana equation is derived. In § 3, the possibility that the group of dynamics becomes the de Sitter group is investigated. In § 4, we construct a reduced wave equation which gives linearly rising Regge trajectories. The complete set of its solutions is found. Section 3 will be a short discussion. § 2. The Hwa equation and its reduction Let us briefly review the theory of relativistic spin wave equation H wa proposed. Let PfL (!1 = 0, 1, 2, 3) be the operators of translations in the four-dimensional Minkowski space, and MfL" the generators of the homogeneous Lorentz group. Mw can be separated into the orbital part LfL" and the intrinsic part
(1)
and LfLV and sfLV separately satisfy the algebra of 0 (3, 1). we indicate by Ji and Ki (i = 1, 2, 3) respectively the rotation and boost operators of the internal space:
Let the Pauli-Lubanski operator be denoted by W~":
We use the metric g ~"" = ( + ---). The Casimir operators of the inhomogeneous Lorentz group and its eigenvalues are (7) and
An eigenvalue equation corresponding to Eq. (7) IS the mass equation
H wa offered a companion equation to Eq. (9), the spm equation, i.e. the eigenvalue equation corresponding to Eq. (8): where rp,v is given by (12) and 1s related to vV" by (13)
1s of the form (14) where l is a non-negative integer or half-odd integer, Eq. (11) will be the equation to fix the spin s to be l, and the mass is left to be arbitrary. But if C (p 2 ) has a form different from the type ap 2 , then Eq. (9) will be the equation which determines a relation between the mass and the spin of the particle, and it gives a spin multiplet. We can construct equations with any mass-spin relationship we like.
In order to lower the order of the equation, we would like to reduce Eq. (9) to the form 5 ) (15) Requiring that the solutions of Eq. (15) satisfy Eq. (11), we 1m pose (16) The necessary and sufficient conditions for this to hold are (17) and (18) where a is a constant to be determined later.
In order that Eq. (15) 
T"'s can have non-vanishing matrix elements only between a pair of irreducible
These pairs are called interlocking representations.
Solving Eq. (19), for the pair (j 0 , 0') ~ (j 0 + 1, 0'), we have 9 ) Taljo, (J;j,js)=f3~l(}__:_}---;fCJ+];+1) Uo+ 1, (J;j,js),
Taljo+ 1, (J;j,js) =rv(j_:_ToTCJ+]o+1Y IJo, (J;j,js),
where /3 and r are arbitrary complex numbers, and the basis is spanned by the simultaneous eigenstates of J 2 and J 3 :
From Eqs. (22) and (23) it follows that T 0 2 is diagonal with respect to our basis and
Equation (17) (41) which is precisely the Majorana equation. 6 ) We stress here the fact that s in Eq. (35) IS not the 0 (3) spin j which is defined by Eq. (24), but the covariant spin 
with A real (A.>O). Under Eq. (42), the mass spectrum will be 10 ) .JC m= -z- 
for j:= 0, l, In the case of finite-dimensional representations, a more detailled investigation is needed. Equation ( 49) 
To conclude, the representations in which T"''s and S"'/s constitute a closed algebra of the de Sitter group are the Dirac representation and the DuffinKemmer one for scalar particles in the case of finite-dimensional representations (which is the result already obtained by Bhabha) , 7 ) and the Majoxana representations in the case of infinite-dimensional ones. § 4. Linear trajectories Finally, we seek equations which give a linear trajectory. The mass spectrum we want to have is 
Our spm wave equation appears to be Now we proceed to find out a reduced form of Eq. (53). In order to fix the function c (p 2 ) in Eq. (15), we re-express Eq. (56) as
Comparing Eq. (58) with Eq. (18), we find that a=-t where T'" belongs to the Major ana representation and r"' to the Dirac representation.
Since we have introduced the Dirac representation, the total spin s will be the superposition of the Majorana spin sJ.I and the Dirac spin t. Equation (50) does not hold for the total spin but for the Majorana spm,
For the total spm we have 
The light-like and the vacuum-like solutions, for which the spms are indefinite, do also exist. ro-ra commutes with <Ta (a Pauli matrix), and its unique eigenvalue is doubly degenerate zero. On the other hand, T 0 -T 3 commutes with J 3 and its eigenvalues run continuously from zero to +oo.
Thus the solutions ¢ of the above equation are the simultaneous eigenstates of these operators such that Cro-r 3 )¢=(T 0 -T 3 )¢=0,t<T 3 ¢=±t¢ and J 3 ¢=0 or ±t¢, 18 ) and their helicity is given by the eigenvalue of J a+ t<Ta. § 5. Discussion
We investigated the simplest wave equation which gives linear trajectories. The answer was the direct product of the Majorana and the Dirac representations. We could not get an equation with single linear trajectory, and the trajectories came out as a pair. The equation is without space-like solutions, but has light-like as well as a vacuum-like solutions. Instead of the Dirac representation, we could use the Duffin-Kemmer one. In this case, the trajectories would split into four.
What made the trajectories linear are the rather high order (third) of our equation and the introduction of the Dirac spin. Since our internal group is SL(2, C) (which is of kinematical nature), the dynamical content of our equation is poor. If we consider the equations which give daughter trajectories, 3 ) their dynamical meaning will be interesting.
Note added in proof:
Wave equations similar to those obtained in the present paper have been established independently by R. Casalbuoni, R. Gatto and G. Longhi [Lett. Nuovo Cim. 2 (1969) , 159]. To them we owe the comment that the vacuum-like solution of our equation (61) is not a physical one, because it leads to the nonunitary Majorana®Dirac representation of the little group SL(2, C) and therefore to the nonunitary representation of the Poincare group.
